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Abstract 

We explicitly compute the geometrical Berry phase for the noncommutative gravitational quan- 
tum well for different SW maps. We find that they lead to different partial contributions to the 
Berry phase. For the most general map we obtain that A'y{S) ~ in a segment S of the path in 
the configuration space where ^Jrj is the fundamental momentum scale for the noncommutative 
gravitational quantum well. For the full closed path, we find, through an explicit computation, 
that 7(C) = 0. This result is consistent with the fact that physical properties are independent 
of the SW map and shows that these maps do not introduce degeneracies or level crossing in the 
noncommutative extensions of the gravitational quantum well. 
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I. INTRODUCTION 



Noncommutative extensions of quantum mechanics (NCQM) have recently received 
great attention , [l^. Most of these models are based on canonical 

extensions of the Heisenberg algebra, actually in d dimensional space extensions of the 
Heisenberg algebra 



[quqj\=i9ij , [qi,pj]= ihSij , {puPj\=iriij , i,j = l,...,d 



(1) 



where 6ij and rjij are antisymmetric real constant {d x d) matrices and 6ij is the identity 
matrix. By comparison between theoretical predictions for some specific noncommutative 
systems and experimental data, one can have bounds to these noncommutative parameters 



ll|: 



r] < 1.76 X 10~^^A;c/Ws-2. (2) 

The main feature of this extended Heisenberg algebra is that it can be related to the 
standard Heisenberg algebra: 







Ri, Uj 



ih6. 



1] ' 



H,,H, 







1 d 



(3) 



by a class of linear non-canonical transformations: 

Qi = qi [Rj, flj) , Pi=Pi[ Rj, Uj 



(4) 

n 

which are generally referred to as Seiberg-Witten (SW) maps [12]. In general, through 
this relation one can convert a noncommutative system into a commutative one and vice- 
versa. The "new" system exhibits explicit dependence on the noncommutative parameters 
as well as on the particular chosen SW map. However, one should expect that the physical 
properties of a system do not depend on a chosen SW map, i.e. physical predictions should 
be independent of the particular choice of the SW map [lO|. 



Inspired in these models of NCQM, noncommutative extensions of the gravitational 
quantum well have been considered j^, jo], [l^ . This interest relies on the measurements 
of the first two quantum states of the gravitational quantum well (GQW) for ultra-cold 
neutrons [l^ . The gravitational quantum well is a system of a particle of mass m, moving 
in the x'y' plane, subjected to the constant Earth's gravitational field, g = —gey^i, with 
a horizontal mirror placed at x' = 0. It is clear that this system can be studied through 
different SW maps. In order to study the behaviour of the GQW under different SW maps 
we must consider a physical feature of interest. 



We point out that besides the GQW, phase space noncommutativity plays an important 
role also in quantum cosmology, where in the context of a Kantowski-Sachs minisuperspace 
model, it naturally leads to selection of states, a novel feature [l^. 

It is well known that quantum states submitted to adiabatic processes can acquire a 
geometric phase, the Berry's phase. Indeed, if the system's Hamiltonian is real then this 
phase can only take values or vr, in the end of the closed path, that is, a non-degenerated 
wave function must come back to itself or to minus itself. In general, the Berry phase 
vanishes, however when some point of degeneracy is enclosed in the loop, it can be non- 
trivial. One finds that Hamiltonians depending on external parameters can be affected 
by this phase. If, for example, the external parameter is classic, typically an external 
field, the Berry's phase is observed following a non-trivial loop in the space of parameters 
and carrying through some type of interference between the previous state and the one 
after completing the closed path. This might be relevant given that the next generation 
of experiments involving the GQW aim precisely to detect the transition and interference 
of states ITi]. Given that some SW maps for phase space noncommutativity involve some 
momentum shift which is analogous to an external magnetic field, one may wonder whether 
a non-trivial Berry phase may appear in the NCGQW. If from one hand, one should not 
expect any non-trivial phase for systems with a real Hamiltonian that shows no crossing 
of levels or degeneracy, it is not clear on the other, whether this is what happens for the 
NCGQW. We shall see that this is actually the case of the NCGQW, irrespective of the 
chosen SW map. 

In what follows we show, through an explicit computation, that through two distinct 
SW maps we obtain different phases A(S') for segments of a path in the configuration space, 
however when the full path is considered, the Berry phase is shown to vanish, irrespective 
of the SW map. This means that the SW map does not introduce degeneracies and level 
crossing in the NCGQW. 



II. THE GRAVITATIONAL QUANTUM WELL 



The Hamiltonian that describes the GQW is given by 
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where m is the neutron mass and x' its height from the mirror, p' the momenta in the x' 

. The associated wave function, solution of Schrodinger's 
jroblem, can be separated in two parts, corresponding to coordinates x' or y' (see e.g. 



18l | and references therein). In y' direction, the wave function corresponds to a group of 
plane waves with a continuous energy spectrum. In x direction, the eigenfunctions can be 
expressed in terms of the Airy function, (f){z): 

M^') = ^n<P{z) . (6) 

The roots of the Airy function determine the system's eigenvalues, 

^n = -(^— 1 an- (7) 

The variable z is related to the height x' through the expression. 
The normalization factor for the n-th eigenstate is given by: 



1 , - 1 

oo 



dz(f) (z) 
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(9) 



Let us consider a noncommutative phase space, whose algebra is given by: 

[x,y] = i9 , \px,Py] = ir] , [xi,Pj] = iKffSij i = l,2 , (10) 



where hefj = h{l + 9rj/Ah ) [8|. The Hamiltonian for the noncommutative extension of the 
GQW, the noncommutative gravitational quantum well (NCGQW), can be obtained using 
a SW map that allows to re-write Hamiltonian ([5]) in terms of noncommutative variables. 
For the most general SW map 

y =C ly- —px 



x' = C^x + 



the noncommutative Hamiltonian is given by 
Px^ , Py"^ , , Cr] 

1 h mgX H Tv-i-y yi-xy I 

2m 2m 2mn 8mn^ 



^i;^ = € + € + + ^.(-py - yp^) + ^^'(-' + y') ' (12) 



where 

m'^gO 



Px = Cpx , Py = Cpy + , (13) 



with C = (1 - 0"^ and ^ = OT^/Ah^. 

The equivalence between this set of commutation relations and the usual one for the 

n 

configuration and momentum variables, where ^ = 0, is discussed in Ref. [9|. 

Of course other SW maps could be considered. For instance, one could use instead the 
following transformation 

x = a(^ + , y' = y , 

p'y = A (py - , p'^ = p^ , (14) 

where A = {1 — 4,^)"^. The noncommutative Hamiltonian is now given by: 

where 



Py{1) = Apy + — ^ . (16) 

Thus, different SW maps give rise to different Hamiltonians. We can clearly see that the 
first three terms in Hamiltonians (fT2!) and (fT5|) correspond to the commutative Hamilto- 
nian. The remaining terms are like interaction terms that, as we shall see, will affect the 
computation of the Berry phase. 



From the identification of the first two energy eigenstates 151] it is shown that the typical 
momentum scale is bounded by ISI]: 

< 0.8 meV/c . (17) 

Assuming that ^ 1 fm, the typical neutron scale, it follows that, ^ ~ 0(10^^"^) and 
hence that the correction to Planck's constant is irrelevant. 



III. BERRY PHASE COMPUTATION 

Let us consider the computation of the Berry phase for the noncommutative Hamilto- 
nians f|T2l) and f|T5|) . but before that we briefiy describe the context in which this phase 
appears. Consider a system described by a Hamiltonian, H. As the system evolves, the 
Hamiltonian changes along the trajectory and so does the state of the system. To compute 
the Berry phase, the starting point is Schrodinger's time-dependent equation 

d\m) 



H\tl}{t)) = ih- 



dt 



Assuming the motion is adiabatic, then the eigenvectors of the Hamiltonian evolve slowly, 
as follows, 

i7(r(t))|n(r(t))) = E„(r(t))|n(r(t))) , (19) 

where r(t) is the variable describing the motion. If initially the system has a eigenstate 
\n{r{t))), then the solution of the Schrodinger's equation can be written as follows 



|^(t)) = e-^^o^"(r{t'))'^t'enn{t)|^(j.(t))) . 



(20) 



Hence, the system remains in the same eigenstate, in spite its evolution. Actually, the 
system acquires a dynamical and geometrical phase. This is the so-called Berry phase and 



can be computed by the formula 



19|: 



7„(C)=z / (n(r(t))|Vn(r(t)))-c?r 



(21) 



c 



where C is a curve generated by r{t). Using the Stokes theorem one can replace the integral 
over C by a surface integral. Through the use of a complete set of states Ylm = 1, 

one obtains the expression, 

{nlVHlm) X (m|V-f/'|n) 



7nidS) 



{En — E^Y 



■d's . 



(22) 



In what follows we shall use Eq. ( l22l) to compute the Berry phase for the GQW for the 
neutron and its noncommutative extension. Actually, this type of study is fairly natural in 
the context of cold neutron physics given that the Berry phase was first detected through 



the manipu 
field 



20 



21|. 



ation of an ultra-cold beam by polarized neutrons in a slowly varying magnetic 



Given that the energy spectrum of the GQW is non-degenerated, the Berry phase should 
vanish. As we shall see, an explicit computation will show that the same occurs for the 
noncommutative extensions of the GQW and for distinct SW maps. 

We first compute the Berry's phase for the commutative Hamiltonian of a particle sub- 
jected to the gravitational field. It is easy to see that 



VH={mg, 0,0) , 

since p'^ and Py are independent of coordinates x' and y'. So, 

(n|Vi?|m) = mg{n\m) = 
(m|V-ff|n) = mg{m\n) = . 



(23) 



(24) 
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Consequently, the Berry's phase vanishes. 

Let us now consider the NCGQW. From the Hamiltonian (fT2l) . we obtain 



VH 



2^2 



mg + 



4mh? 



X + 



Cri _ C^rf 



y - 



Cri _ 



2mh 



(25) 



thus, 



{n\VH\m) X (mlVHln) 



(n|p^|m) (m|x|n) — {n\x\m) {mlpjn) 



(26) 



Coordinates y and Py do not affect the computations as in y direction the motion is free and 
described by plane waves. As the gravitational field acts in x direction, only the coordinates 
X and will play a role in the calculation. Hence, 

{n\VH\m) X {m\VH\n) / C^r]^ \ 



E 



(En — E„ 



y-v (n|p^.|m) (m|x|n) 



E{n\x\m) {m\p^\n) 



{En 



Em? 

(27) 



Using \m){m\ = 1 and that \px,x] ~ —ih, given that ^ << 1, one obtains 



E 



(n|Vif|m) X (mlVHln) 

{En -£'m) 



m 



'4) E 



1 



m=^n 



{En — E„ 



\2^ ' 



(28) 



Substituting En and Em for the values given by Eq. ([7]): 



y-v (n|Vi/|m) X (m|Vi/|?2) 



(E„ — -En 



— Z 



2/3 



^ 1 



(29) 



where a„ and are the roots of the Airy function corresponding to the m-th and n-th 
eigenstates. It is clear that the contribution of any state n is, for the noncommutative case, 
non-vanishing. To get the Berry's phase, we have to integrate this value over a closed path 
as in Eq. fl22l) . Thus, the following step is to choose a surface of integration adjusted to the 
problem of the neutron in the quantum gravitational well. It is easy to see that the only 
way to execute this closed path involves a transition from a state \n) to the state \n + 1) 
and then back to state \n). When the neutron goes of from state |n) to state \n + 1) one 
encounters a term of the type: 

{n\VH\n +1) X {n + l\VH\n) 



? {En-En+lY 

In the following step, from state \n + 1) to state \n), the term is of the form: 

{n + l\VH\n) X {n\VH\n + 1) {n\VH\n + I) x {n + l\VH\n) 



(30) 



{En — En+lY 



E 



{En — En+l)" 



(31) 



and hence for the integrand of Eq. fl22p one obtains 

{n\VH\n + l) X {n + l\VH\n) .^-^ {n + 1\V H\n) x {n\VH\n + 1) _ 



Therefore, one concludes that the neutron does not acquire a geometric phase once it 
completes a closed path. It is easy to see that this result generalizes to any number of 
intermediate states. This proves that the used SW map to describe the NCGQW in terms 
of commutative variables does not introduce degeneracies in the spectrum. To complete 
the proof one must show that the same is obtained for a distinct SW map. 

Indeed, we consider now the Hamiltonian given by Eq. ( fT5l) . One obtains 



Thus, 

{n\VH^^^\m) X {m\VH^'^^\n) =0 . (34) 

Once again, we obtain a vanishing Berry phase. Hence, different SW maps do lead 
to the same physical phase and therefore, we conclude that SW maps do not introduce 
degeneracies in the spectrum of the NCGQW. 



IV. DISCUSSION AND CONCLUSIONS 



In this note, we have shown that the Berry phase for the noncommutative extension of 
the GQW vanishes likewise its commutative counterpart. Actually, we have obtained for 
the most general SW map that in a segment S of the configuration space, A7(S') ~ if, 
where y/r] is the fundamental momentum scale for the NCGQW. For the full contour, 
7(5") = 0. This indicates that the Hamiltonian of the NCGQW is non-degenerate (besides 
of being obviously real). This is shown to hold for different SW maps, even though the 
intermediate steps of the computation yield different results. Given that the Berry phase 
is a physical propriety of the system it should not be affected by any set of non-canonical 
transformations like the SW map [l^ provided it does not introduce degeneracies and 
level crossing in the system. Our explicit computation shows that this does not occur, 
irrespective of the SW map. 

It is interesting to point out that some two-dimensional phase space noncommutative 
models with 9 = const and rj = const can be described as a 3— dimensional noncommutative 
model with 77 = 0. This is the case of the 2-dimensional oscillator provided one introduces 
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a momentum- dependent noncommutative, 9 = 6{p) with a "p-monopole-form" 22]. The 
case of 1] = has also imphcations for the anomalous Hall effect as it leads to a transverse 
displacement similar to a Berry phase j23|. Notice however^^ that this does not happen for 
the GQW as a magnetic field like term arises only if r/ 7^ and our results indicate that 
the Berry phase of the GQW vanishes. 

As a final remark, we point out that a relevant issue to consider in the study of a geomet- 
rical phase concerns the transition between different states of the GQW. These transitions 
can be induced by variations of the gravitational field, minor impurities which may lead to 
changes in the relevant nuclear potential, gradients of magnetic fields, etc. It is interesting 
to point out that given the uncertainty principle limitation on the energy precision that 
can be achieved in experiments with neutrons, namely AE ~ 10^^^ eV, the detection of 
"exotic" causes to the transitions between states can be ruled out. Indeed, nonlinearities 



to be sma. 



ler than 10 eV 



in the Schrodinger equation 24 1 and Lorentz violating terms 25|] are experimentally bound 



261]. Violations of the Equivalence Principle by polarized 



objects 23] are bound to be smaller than 2 x 10 "^^ eV 28|]. Direct spin coupling to Earth 



29|. 



rotation and its gravitomagnetic field are of order 10~^^ eV and 10~^^ eV, respectively 
A p utative spin-torsion coupling is expected to be at least 20 orders of magnitude smaller 
301 ]. Hence, it is reasonable to conclude that transitions between the GQW states, whether 
observed, will most likely be due to conventional effects. 
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